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Synopsis:Inthispaper,wediscussaconvergencetheoremonchargesimulationmethod
(CSM)whichisanumericalalgorithmforsolvingboundaryvalueproblemoftheLaplaceロ
equatlon.
CSMrequiresustoselecttwokindsofpoints.Theyareconocationpoints(wedenote
th・mby{x」}莞、)and・harg・p・i・t・(w・d・n・t・th・mby{防}莞、)・Th・ugh・h…i・g
thesepointsappropriatelyisafundament訓proもlem,nogoodruleswereknownuntil
quiterecently.
F()ratwodimensionalJordanregionΩwithananaユyticboundaryr,theauthordealt
witharule(Katsurada{10】,【10Dinwhichweusemappingfunctionoftheregionto
determinechargepointsandcollocationpoints.Butitwasnotsatisfactory,since丘nding
aconcretemapPingfunctionisnotsoeasy.
InourrecentpaperKatsuradaandOkamoto[8],wehaveproposedanewruletode-
terminethesepoints,introducingakindofperipheralconfbrmalmappingΨwith(1)Ψ
mapstheunitcircletor:
V(0、)ニr,0.望f・{z∈C;1・1=r},
and(ii)Ψisconformalinaneighborhoodoftheunitcircle:
ヨ・>1・.t.Ψ ・A.哩f'{z∈C;1/・ 〈1・1〈 ・}→Ci・c唖 ・mal.
UsingsuchΨ,weselectcoHocationpointsandchargepointsby
・X」=Ψ(ω 」-1)
,y」 ニ Ψ(Rw」-1)(ゴ=1,2,…,」V),
・h・eω一・x・(≡N),R・(1,・)・
Thepurposeofthispaperistostateaconvergencetheoremconcerningthenewrule,
andproveit.WeregardCSMasadiscretizationofsolutionbyageneraユizedintegral
equationontheboundaryr,andrisaperturbationofaunitcircle,andweusethe
Riesz-Schaudertheorytoanalyzeit.
Keywords:chargesimulationmethod,conformalmapping,chargepointsandcolloca.
tionpoints,exponentialconvergenceoferror.・
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1 Introduction
Westudyapplicationofconformalmappingstothechargesimulationmethod(CSM)for
theinteriorDirichletproblemassociatedwiththeLaplaceoperator:
(1)△u=OinΩ,
(2)u=∫onr.
Here,ΩisaboundedregionintheplaneR2,andrisitsboundary.Throughoutthispaper,
WeaSSUmeFiSarealanalytiCCUrVe.
CSMisanalgorithmtoconstructanapproxima七esolutiontopotentialproblemslike(1),
(2).Thenameoriginatedwithelectricalengineers(Murashima[16]).Itisalsocalled`fUnda-
mentalsolutionmethod,insomeotherbranchesofscience(Bogomolny[5],Kupradzeand
Aleksidze[14],Mathon孤dJohnstonl15Dsincetheyusef皿damentalsolutionsinacrucial
fashion.
LetusexplainthebasicconceptofCSM.WefirsttakeNpoints{yj}莞lcalled`charge
points,fromR2＼豆,andseekanapproximatesolutionu(N)withinafunctionspacewhichis
de丘nedby
{NΣQ,E(x,y」」ニ1)・(Q・ ・… ・eN)・R・}・
HereE(x,y)isthefundamentalsolutionoftheLaplacian:
1
E(X,y)一一 万1・glX-yl・
Inchoosingtheapproximatesolutionfromthefunctionspace,weusecollocationmethodson
r.Thatis,wetake/Vpoints{¢」}エ1called`collocationpoints,fromtheboundaryF,and
determineu(N)bythe`collocationequation,
(3)u(N)(Xk)==f(Xk)(k=1,2,…,N).
Thisisequivalenttothefbllowinglinearsystemwithrespectto{(?j}N
?
?
lOgIX,-Yll'■ ■IOgIX,-yハXl
logIXハX-YlllogIXN-!ノ ハ,1
?
?
?
?
?
?
?
?
3'=1:
∫(¢、)
f(XN)
CSMissimple,butoftenworksveryfine.Oneofthemostimportantmeritsisthat
exponentialconvergenceoferroroccursiftheboundarydataisrealanalytic.Thatis,the
errorisboundedbyanexponentiallydecreasingfunctionof/V:
Hu-u(N}11≦C・N(1卜ll・s・m・n・・m,0・c・n・t.,0<・<1).
ThisischaracteristicofCSM(cf.FDM,FEMandBEM).
Ourultimategoalistogiveamathematicaljusti丘cationofCSM.Todothis,wefirst
have七〇determinechargepointsandcollocationpointsdefinitely.IntheexplanationofCSM
procedureabove,arrangementsofthesepointsremainobscure.Itisknownthatchoosinga
goodarrangementisnotalwayseasy.Crudearrangementsoftenleadtomiserableresults.In
fact,thecoe伍cientmatrixofthecollocationequationcanbesingular.Therefbretoobtain
amathematicalresult,we丘rstchoosearuletodeterminearrangements,andthenproveits
validity.Inourpreviouspaper[8】,wealreadyproposedanewrulefbrthearrangements
usingconf()rmalmappings.Ourpurposeinthispaperistofbrmulateandproveaconvergence
theorem(Theorem6.1)concerningthenewrule.
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Figure1:collocationpointsandchargepoints
2 Precedingresults
Inthissection,werecallsomeresultsofourprecedingworkswhichareneededforthepresent
study.
Throughoutthispaper,weoftenusecomplexnotations.Forexample
,weidentifyR2with
thecomplexplaneC.
Wh・nΩi・atw・-dim・n・i・naldi・kD,dgf'{・ ∈C;1・1<ρ}
,・th・nat・ ・al・arrang。m。nt,
workwell(KatsuradaandOkamoto{7】,Katsurada[9D.Thatis
,ifweput
ω一・xp(2π丹
andtakeRsuchthat、R>ρ,anddefinecollocationpointsandchargepointsby
・ゴ=ρ ω3-1, yj=Rcv3-i(元=1,2,… ・,N),
wehavethefollowingtheorem.
Th…em2・1([77?(1?S・pP・ ・eth・tRN－ρN≠1・Th・ 畝 ・c・・fii・i・ntm・t・ix(1・91・・、-y・ )」,k
・5・… 迦 吻 ・・(2?S・ρP…f・ ・therth・tR≠1・Th・nthe㈹ ・ ∂ec・αsεs卿 …ntiallyfor
realanalyticb・undarydαtα.Thatis,thereαretw・ρ・sitivec・nstantsOandアsuchthatτ<1
αη∂
襲8・(x)-u㈹(・)≦0・N(f・rN・N・ ・ti・f…gRN-・N≠1ノ ・
Ifuhasaharmonicextensiontoalargerdisk万.
。(ro>ρ),thentheconstantアcanbe
estimatedas
・一{緩1:瑠 .
Thenextresult(Katsurada[10])relatestomoregeneralregions.Inthiscase,weassume
thatΩisaninteriorofananalyticclosedJordancurver.AccordingtotheRiemannmapping
theoremthereexistsamappingfunctionwhichmapsΩontotheunitdiskDl .Wedenote
itsinversebyΦi:Dl→ Ω.SinceweassumethatFisrealanalytic
,bytheSchwarzreflection
principle,thereexistsaconformalextensionofΦitoalargerdiskDR、(R,>1).Wedenote
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Figure2:naturalarrangementforadisk
itbyΨ.
f()llOWS:
(4)
ThenwetakeR∈(1,R,),anddeterminecollocationpointsandchargepointsas
・」ニ Ψ(ω」-1),y」ニ Ψ(Rωト1)(元=1,2ジ ・・,N).
Thatis,theyaretheimagesofthoseofanaturalarrangementdescribedinthecaseΩisa
disk.Undertheseassumptions,exponentialconvergenceoferrorholdsagain.
Unfortunately,theresultaboveisnotsosatisfactorybecauseoftworeasons.
(1)WedonotknowmappingfunctionsexplicitlyformostofSt,s.Infact,gettingamapping
functionisequivalenttosolvingapotentialproblem.Henceweshouldnotexpectto
knowaconcre七emappingfunctioninsolvingageneralpotentialproblem.
(2)EvenifwehaveamappingfunctionΦi,、R,isoftennotsolarge.Insuchcases,wecannot
,takeaverylargeR.Thereforetheconvergenceu(N)→uisnotsofast.
Thenextresult(Katsurada[11|)isalmostthesame.ThedifFerenceconsistsinusingan
inverseexteriormappingfunctionΦ,:C＼1)1→C＼ Ωinsteadofaninverseinteriormapping
functionΦi.Exponentialcdnvergenceoferroroccurs,butitshouldbenotedthatwecan
nottakeaverylargeRagain.Thatis,Rmustsatisfyacohditiondescribedbelow.Since
Fisarealanalyticcurve,thereexistsR2∈(0,1)suchthatΦ.hasaconfbrmalextensionto
{z;lzl≧R2}.Inourproofofconvergenceinpil,weassumedthatR<1/R2.Numerical
experimentsin[11]showthatthisconditioniscertainlynecessaryinsomecases.
Therearemanyotherstud三esonCSMusingcollocationmethods.T.Kltagawastudied
stabilityanalysis([12],[13]).Incontrasttoourwork,KAmanostudiedapplicationofCSM
tonumericalmappingfunctions([1],[2]).K.Murotaproposedaninvariantscheme:
u(N)(x)=(?。+ΣO」1・gl・-y」1,ΣQ,=0,
」=lj=1
and・・mp・・eitwith・ursch・m・u(N)(x)=ΣQ,1・91x-yj1([17],[18】).
」=1
3 Anewruleforselectionofpoints
Inthissection,wewillintroduceanewrule(丘rstproposedinKatsuradaandOkamoto[81)
toarrangecollocationpointsandchargepointswhichisbasedonthefollowingobservation:
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Asstatedbefore,in[10],{11],weassumedthattheconformalmappingisdefinedeitherinthe
wholeinteriororinthewholeexterioroftheunitdiskD,.Acloseexaminationoftheproof
thereinshowsthattheconformalmappingneednotbedefinedinthewholedomain.Rather,
itissu伍cienttohaveaconformalmappingwhichisdefinedinaneighborhoodoftheunit
circleandmapsthecircleontoF.
Inthisconnection,weintroducethefollowingconditioninregardtoaconformalmapping
ofneighborhoodsoftheboundaryoftheunitdiskandΩ.
Condition(C)Ψsatisfies(i)and(ii):
(i)Ψm・p・th・unit・i・cl・t・r・Ψ(01)ニF.H・ ・eO.dEf・{z∈C;レ1-r}.
(ii)Ψi・c・nf・m・linan・ighb・・h・・d・fth・unit・i・cl・・ヨ・>1・.t.W・A。dEf'{z∈C;1/・<
lzf<κ}→Cisconfbrmal.
T⊆rminology:Inthispaper,acon丘〕rmalmappingwhichsatis丘estheCondition(C)iscalled
aperipheralconfbrmalmapPing.
WetakeR∈(1,κ),andde五nethechargepointsandthecoIlocationpointsby(4).Useof
suchchargepointsandcollocationpointsgiveusexponentialdecreasingoferrors(Theorem
6.1).
CSMbythearrangementusingperipheralconfbrmalmappingshasthefollowingmerits.
(1)Itismucheasiertofindaperipheralconformalmapping.Henceitisconveniently
apPlicabletoavarietyofproblems.
(2)Itisfavorabletohavevariouschoicesevenifwehaveamappingfunc七ion.Infac七,a
peripheralconformalmappingwhichisevenbetterthaninverseconformalmappingand
exteriorconf()rmalmapPingcanhapPentoexistaccordingtoournumericalexperiments
(See[8D.
Remark3.1TheCondition(C)isalmostequivalenttotheanalyticityoftheboundarycurve
F.Infact,ifψ:[0,2π]→CisananalyticparameterizationofFsuchthatψ'≠0,and
ψ(θ)=Σ α。eV=Tnθ
n∈Z
isitsFourierexpansi・n,then
Ψ(・)些Σ α。♂n∈Z
satis丘esCondition(C).Thisobservationsuggestsanalgorithmtodeterminechargepoints
andcollocationpointsbyusingFFT(Seel8D.
Remark3.2ThechoiceofRin(4)requiressomecare.WeknowthatR>1mustbeclose
enoughtolsince、Rω 」-1mustlieinthedefiningdomainofΨ,thatis,1<R<κ.Onthe
otherhand,thelarger、Rguaranteesthefasterdecreaseoftheerror(Theorem2.1).Thuswe
givethefollowingcomment:agoodconformα ～mαPPingisthαtω んichα〃oωsus¢otαkeα'αrge
κ.
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4 Preliminaries
4.1Basicideaofproofs
Firstletuspreparesomenotationswhichweusethroughoutthispaper:
si=R/Z,0,={x∈R2;lxl=r},D.={x∈R2;lxl<r}.
Asstatedinthelastsection,weuseaconfbrmalmappingsatisfyingCondition(C).Further
weput
F.=Ψ(0ア),Ω.=theinteriorregionofF..
Nowwesketchtheideaofproofs.Ifwefind〈?whichsatisfies
(5) f(・)-/,.E(…)Qω… (x∈F),
thenwehave
(・)u(x)-f, .E(…)Q(・)d・・(・∈Ω),
wheredsydenotesthelineelementoftheclosedpathFR.WecanconsiderthatCSMisa
discretizationoftheprocedure.Thatis,weseekalinearcombinationofDirac'sdeltafunctions
Q(N)=Σ ㌧ 、e」δ(・一 防)whi・h・ati・丘 ・(5)・pP・・xim・t・ly,and・ub・tit・t・iti・t・(6)t・・bt・i・
anapproximatesolution.Notethatsuchafunction(?whichsatis丘es(5)doesnotnegessarily
exist.Therefbrewemustdealwiththeproblemingeneralizedfunctionspacesintroducedin
§4.2.
BythefOllowingnaturalparameterizations
r:S1∋ ア ← → Ψ(e2πつ ∈C,
rR:S1∋ γ ト→ Ψ(Re2πiつ∈C,
F(・)=∫(Ψ(e2π γ))(・ ∈s'),
q(・)=Q(Ψ(Re2π つ)1Ψ'(Re2πつ1 (τ∈si),
weobtain
(5)⇔F=Aq,
whereAisanoperatordefinedby
(7) Aq(・)-f。'a(・,・)・(・)d・(・∈s'),
・(・,θ)=2πRE(Ψ(ρe2π`'),Ψ(Re2π'e))(・,θ∈S').
Wedividetheintegralkernelα(τ,θ)intotwotermsasfOllows:
・(・・θ)一』R{1・gl・・一 －R・2・1・1+1・gΨ(ρ`1:!≡慧 ㌫`θ)}・
NotethatthefirsttermoftherighthandsideisakernelinthecaseofΨ=id,thatis,the
regionΩisadiskD1,andthearrangementsofchargepointsandcollocationpointsarethose
inKatsuradaandOkamoto[7】,Katsurada[91.WewillshowthatifweregardAasanoperator
betweenappropriatefunctionspaces,thenitisacompactperturbationofanisomorphismand
wecanapplyRiesz-Schaudertheory.
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4.2Functionspacesandlemmasfbrcollocationmethods
R)llowingArnold[3],weprepareafamilyoffunctionspaceswhichisusefulfbranalyzing
harmonicfunctionsindlsks.Let7'bethesetofall丘niteFourierseriesonSi,thatis,an
elementofアiswritten品
　 コ
∫(・)ニ Σ ∫(・)e2πmア,・ ∈51・
n∈Z　
Heref(n)arecomplexnumbersandallbutafinitenumberofthemarezeros.
Foreachε>0,s∈R,wedefineanorml卜ll。,.onTby
(・)ll∫1ト ー(忍1価)1・e・1・ln2s)112,
where
旦=max{2πlnl,1}(n∈Z),
anddefineaHilbertspace,Ve,、asthecompletionof7『inthisnorm.Tostudypropertiesof
thesespaces,weuseseveralnota七ions・
Notation2-1.(i)Weintroduceanorderrelation`≧,on(0,十 ◎o)×Rasfbllows
(・、,・、)≧(・ 、,・、)鵠 ・、 〉 ・,・ ・(・、=・ 、and・ 、≧ ・、).
Andwealsousearelation`〉,definedby
(・、,・、)〉(・ 、,s、)菖(・ 、,・、)≧(・ 、,・,)and(・、,・、)≠(・ 、,・,).
(ii)Forall/V∈N,weput
A～v={ρ ∈Z;一 ノV/2<ρ ≦ ∫V/2},△N={ゴ/∫V∈S1;ゴ ∈AN}.
(iii)Form,p∈Z,wedecidethatm≡ ρmeansm≡ ρ(modIV)whenitappearsasa
subscriptofΣ⊃.
Thenextlemmaiseasilyproved.
Lemma4.1(iノ ∬(ε1,31)〉(ε2,82),thenthenaturalinclusiontVel,s1⊂tVe2,32existsandis
compact.Inρarticular,ωecandefinetheunion(ゾ α1～tんesesραces・V≡ ∪ ε,s・Ve,・・
(iりForα 〃n∈Z,n-th」7()uriercoefiicientmaρping
T・ ∫-R・)-f
。'f(・)・-2・'・・d…C
hasau吻U・b・ 顕 ∂・dlinea・・xt・nsi・n・neachXe,,.Usingtん・・eextendedF・U・ie・c・efiicients,
thenormllfllε,3isg初eπby(8/forα 〃 ∫ ∈ ・tre,8・
NextwerewritecollocationequationsintermsofFourierseries.Thefollowinglemmais
provedinArnoldandWendland[41.
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L・mma4・2L・`φ ξL1(S1)・nd・卿 ・5・th・fφi・Hrδ1d・…ntinu・u・ 偏 ・m・ 卿 んb・み・・d
of△1v。ThenΣm≡ρφ(m)<ooforα"ρ ・Moreover
　
Σ φ(m)=ofo・α～/ρ∈ANm≡ρ
ifandonlyifip=Oon△N・
Nowweintroduceafunctionspace1)Nfromwhichwetakeanapproximatesolutiondefined
onS1=
D・≡{Σe」 δ(・ゴ/N
j∈AN)・(Q・)・c・}・
whereδistheDiracdeltafunctignonSi.Concerningthisspace,wehavethefbllowinglemma
easily.
Lemma4.3(i?Ifωeputip1=δ(・ 一 ゴ/N),then
　 　
φ」(n)=ω －n」,n∈Z・
Hence 　 　
φ」(n)=φ」(m)ifn≡m(modIV)・
ルtoreoverforα〃v∈Z)N,{∂(n)}n∈zisαboundedseguenceαnditんoldsthat
∂(n)=D(m)ifn≡m(mod∧ り.
(ii)Sinc・T)Ni・N-dim…i…1,th・m・ppi・gZ)N∋ ・ ト→(∂(ρ);P∈AN)∈cNi・ α・
isomorpんism.
4.3CapacityofaclosedJordancurve
Finallywein七roducesomeresultsonacapacityofaclosedJordancurve.Foranyclosed
Jordancurve7inC,thereexistsaconfbrmalmappinggwhichmapsanexteriorregionofa
unitdiskDItotheexteriorregionofγTheLaurentseriesofghasthefbrm
・(・)一…+Co+c;1+言2+…(レ1・1)・
HereIcllisdeterminedonlyby7,andiscalledthecapacityof7.Throughou七thispaperwe
useanotationC(7)toexpressthecapacityof7.
Capacityplaysanimportantroleinauniquenessproblemofthepotentialtheory.Infact
wehave
Lemma4.4Assumetん αけisasmoothclose〃ordαncurveinR2ω んosecαραc吻 ≠1,Qis
・蹴 一 』sfun・ti-・ ・… 司 輌)Q(y)… 一・か 〃・繍 ・i…r・・r
region(ゾ7.Then(?=Oon7.
TheproofisfoundinHenrici[6],p.388.TogetroughestimatesofthecapacityC(の,we
canmakeuseofthefbllowinglemma.
Lemma4.5(i?lf7isαcircleωh・seradiusisequalt・r,thenC(の=・.
ω 加 んeinteri・"〔rgi・n(ゾαC～・Se〃 ・rdanCUrVeOrC・ntainSaCi・C/εωん・SerαdiUSiSr・,it
holdstんatr1≦C(7).
例 ∬ αC∫・se〃 ・rdancurve7iSC・ntainedinadiskwん・seradiusisr2,肋・～dstんα£C(竹 ≦r2.
Sincethesefactsarewellknown,weomittheproofs(alsofbundin[6D.
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5CSMindisks
InthissectionweconsiderthecasewhereΨistheidentitymapping,thatls,ΩisI)1and
chargepointsandcollocationpointsaredeterminedby(4).Theerroranalysisusingthesup-
normwasstudiedin[71,191.Weintroducehereresultsusingthenorml卜ll.,8(see{101長)r
details)sincetheyarenecessaryinouranalysisofmaintheorem.
SinceΨistheidentitymapping,AisreducedtotheoperatorLde丘nedby
・・(・)一・・Rf
。1E(・　 ,Re2・")・(・)dt・
WehaveLq=G*9,where
G(・)一－Rl・glR-・2T・θ1--R{1・gR+器(k)"(・ 　 θ+・-2・'・e)}・
Hence 　 　
(9)Lg(π)=(](n)o(η),
where
(1・)6ぴ)一{曇l l9同::≡::
Usingtherelation(9),wecanextendLtoX=Uε,、,Ve,、.Inparticular,wehavethe
fbllowinglemma.
Lemma5.1(Katsurada[10DForanys∈R,ε>OandR>1,therelations(9?αnd(1の
defineanis・morphism
L:tVe,。一→ 尤R,,+・
Theorem5.1(Katsurada[10])AssumethatR>1and(δ,t)〉(1,1/2).Thentんeプ'olloω－
ing(i?απ∂ 例 ん・ldt・ue・
(i?F・ 卿F∈ ・U6,、α・州 ∈N,tん …e・ 乞・t・α 卿 ・・f・n・ti・・q(N)∈1)N…hth・t
Lq(N)(x)=F(x),・・∈ △N.
(ii?Let(ε,5)satisfy
(11){謬1綴?ξ 蒜 晋 ㍑元.1/,.
TんenthereexistconstantsC>OandP=P(ε,3,δ,t)∈Rsuchthat
llF-L・㈹ll。ts≦CN・G)N/21iFll・,1,
forα〃F∈ ・Y6,tand/V∈N・
Remark5.1Sincetんeconditiononδ,εis耐んe「comPlicated,ωeexP「essthembyusin9α
∫igu7℃.Putting
H、={(δ,ε);1≦δ ≦R,ε=1/δ},
L、={(δ,ε);R≦ δ ≦R2,ε ニ δ/R2},
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H2={(δ,ε);R≦ δ≦R2,ε=R2/δ},
L2={(δ,ε);1≦δ ≦R,ε=δ},
01=(R,1/R),02=(R2,1),
and～etエb・tん・C1・sedregi・・ ωん・3eb・und・ryisauni・匹 田 わL、 ,ff2・ndL2,Th,ntん,
conditionoπ(δ,ε)inTheorem5・1iseguivalentto(δ,ε)∈Z.
ε
1
0
● ・ ….● ●
(1,1)
Figure3
(R,R)
L2 H2
ZO
∬1 L101
●
J
1 R2 δ
Remark5.2Miecantaketんeexponent、PinTんeorεm5.1αs/b〃oωs:
P=P(ε,s,δ,t)=
max{s－ ち 一1,-t}
max{s-ti-1,s-1}
max{3一 ち －t}
max{s-t,s-1}
max{s－ ち 一1}
s-t
((δ,ε)=01ノ
((δ,ε)=c2ノ
(1〔δ,ε)∈Hl＼{01}ノ
((δ,ε)∈・U2＼{02}ノ
((δ,ε)∈Ll＼{01,C2}ノ
(otherωise?.
Especiallyifε=δ(thatis,(δ,ε)∈L2/itholdsthat
P-{轡1二1:惑篠露訳
αndtheassumptionsons,tinTheorem5.1im印liesthatPくOif3<t .Hence
(6・)・(・,・)⇒N・G)N/2-・(1) (αsN→+。 。ノ.
Thereforeωe・btainαnimp・rtantresult
(5,t)〉(・,・)⇒llF-Lq(N)11。,。 一 ・(1)(・ ・N→+。 。ノ.
ToprovethetheorerT}above,weintroducethefollowinglemmain{9] .
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Lemma5.2AssumethatR>1and(δ,り 〉(1/R,-1/2).Thentんe/blloωing(i?andω
holdtrue.
(i?」Poranyq∈X6,tαndN∈Nω 軌RN-1≠1,t九erεexistsuniqueq㈹ ∈Z)Nsuchtんat
Lq(N)(x)=Lq(x),x∈1)N.
ωSUPP・setん ・t(ε,5)・atis!i・・max{1/δ,δ}(1/R)2≦ε ≦ ㎡n{1/δ,δ}.lfε=1tん …<
-1/2is/hrrtherαssumed.4アε=δthen3≦tisfurtherassumed.Thenther℃existsα
constant(フ>Os勉cんthat
ll・一 ・…ll。-s≦・N・ ・・・…t・(1)N/211・‖6,t,
forαllq∈X6,、α・州 ∈NωithRN-1≠1.H・r・P2(ε,・,δ,t)i・d・fin・dby
P2(ε,3,δ,オ)=P(εR,3+1,δR,£+1).
ProofofTheorem5.1
(i)SinceL:X6/R,z_1→X6,tisanisomorphism,thereexistsq∈X6/R,`_1suchthat勾=F.
ByLe㎜a5.2(i),thereexistsq㈹∈ のNsatisfyingLg(N)=Lqon△N.HenceLq(N)=F
on△N.
(ii)ByLemma5.1andLemma5.2(ii),wehave
llF-Lq(N)ll。,。=llLq-Lq(N)ll。,。≦Cllq-q(N)ll。/。,、.、
≦ ・N・・一 一 ・G)N/211q‖・/脳
≦ ・N・(s,ε,ちδ)G)N/211・・ 1・,,・CN・(・,・,ち・)(1)N/211FI1・,t・
HereandhereafterOdenotesvariouspositiveconstantswhichareindependentof/Vand
differentindifferentlines.■
IfF∈tV,o ,オ,theexactsolutionutotheDirichletproblem(1),(2)hasthef()llowingFourier
sefiesrepresentation
u(・e2π`γ)一Σ ・1"li>(・)e2禰,0≦ ・<・ 。and・ ∈51.n∈Z
HenceitiseasytoseethatthenormllFllr。,£isequivalenttollullHt(o.。).Ontheotherhand,
ifq(N)=Σ莞 、Q」δ(・」 宗),ith・ld・th・t
Lq(N)(・)=2πRΣQＬE(・2π'T,W-1),・ ∈51.
」=1
Therefbreifwede丘neaharmonicfunctionu(N)by
u旬(・e2π'丁)=2・RΣQＬE(・e2π'「,RLv」-1),
」ニ1
wehaveu(N)(e2π`↑)=Lq(1v)(ア),andllF-Lq(Jv)ll.,3isequivalenttollu-u(ハ1)IIH・(c.).Using
thesefacts,weunderstandthemeaningofTheorem5.1asf()llows.WerewriteTheorem5.1
inordertocompareourresultherewiththatinl7],19].
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Proposition5.1A8sumethat、R>1απ∂ro>0,t∈Rsatisfy
(12)ro>10r(roニ1andt>1/2ノ ・
Thenthefoll・ω迦rりand(ii?ん ・ld・
(i?F・⑭yF∈ ・Vr。,、・ndN∈N,th…exi・t・uniq・ ・q(N)∈DN・u・ んtん・t
Lq㈹(x)ニF(勾,x∈ △N.
(ii)Forany5∈R,r>Osatisfying
(・3)憾 鶯;≦m蹴'ro}'
tんereexistsαconstαntO>Osuchtんat
llF-L・㈹ll。≦ ・N-(rr
o)N/211Fll　
forαllF∈tU,O,‡andN∈N・
Bythispropositionandtheargumentabove,wehave
(14)1同 ・・ll…の ≦・N・一(h)㌦ll研 ・Cr。・
,forany.5,t∈R,r,ro>Osatisfying(3.4,5)._
1・[71w・ ・h・w・dth・ 七if・i・h・ ・m・ni・ ・nD・ ・f・…>1,th・n
l+幽』 ≦{書目鍬罐:))iiii欝
Sincethenormsaredifferent,wecannotcomparetheseresultsdirectly.Buttheexponentsof
b・・h…im・ …a・eequal・・max{疏,1/R}N・
6Maintheorem
Inthissection,westatethemaintheoremofthispaperpreciselyandproveit.Thearguments
hereareverymuchsimilartothosein[101,[11].
FirstwerecallthedefinitionsofAandL:
・・(・)一 一小gle2・`・-Re2・ ・θ1・(・)d・,
一%11・gl・(…`つ 一 Ψ(Re2・'θ)1・(・)d・Aq(T)=
WeputKdEf'A-L,thatis,
κ・(・)一∠㌦(…)・(・)… k(ア,θ)=-Rlog
Ψ(e2πり 一 Ψ(Re2πiθ)
e2π{・-Re2πie
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Theorem6.1Ass励ethat1〈R〈 κ απ∂(1,1/2)〈(δ,t)<(κ,-1/2).Thentんefo〃oω吻
(i?and(ii)九〇ldtrue・
(i)F・rall・・鋤 ・鞠1・rg・N∈N,thec・ 〃硫 ・nbquati・π 斑 吻W・ ・1・b～・.τ 励 ・,
su・励 ・以g(N)=F・ η △N.fo・α・yF∈x6,、,tん・…xi・t・α 呵 ・・fun・ti・・q㈹ ∈DN
④Let(ε,3)beanindexsatisfying
{i鷲竃 竃 煕 ㍑.1/、
Thenther℃existconstantsO>0αndP=P(ε,8,δ,舌)∈Rsucん抗 α孟
llF-Lq(")ll。,s≦ON・G)N/211Fll・,t,
forallF∈X6,‡ αndforallsufiicientlylargeN∈N・
TheexponentPinthetheoremisthesameasthatofTheorem5.1.
FortheFouriercoef五cientsoftheintegralkernelofanoperatorＬK,wehavethefOllowing
estlmates。
Lemma6.1Tんereexi5tαconstantOsuchthat
A(乏,m)≦oκ 一1ど1(R/・)lml(e,m∈z).
Withthisinequality,wecanprovethenext七wopropositionsconcerning1(.
Lemma6.2∬(ε,3)〉(R/κ,1/2)and(δ,り く(κ,-1/2)tんenwecαndefineK:tVe,3→X6,t　 パ
byKq(e)=Σ⊃m∈zk(e,m)4(-m)(e∈Zノ αnditiscompact・
Proo£Let'1ρ∈tUe,3,then
ll、κgll,,、2=Σ π 亘(e)1292`δ21el・
t∈Z
2
=Σ ΣA(e,m)φ(-m)z2`δ21el
ど∈Zm∈Z
≦ 昆(忍 輸2e-・1・lm,-2S)(忍1φ(-m)12～噛)9・ ・6・1・1
・ ≦ 昆(Σcκ 一21tl(R/・
m∈Z)・1・le-2・ ・・…-2s)ll・pll…29・…fie・
≦c昆(・/・)・1・le2t(蔦(k)21ml・・-2s)繊
≦Cl1{P11。,、2.・
Corollary6.1∬1<R<κand(、R/κ,1/2)<(ε,3)<(κ/.R,-3/2),tんeπK=,X』,。 →`{t』R,5+l
iscomραct.
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Proof.Putδ=εRandt=s十1,thenwehave
(δ,諺)=.(ε」2,3十1)<(κ,-1/2).
Thatis,theassumptionofLemma6.2issatis丘ed.Henceぽ ,、→X6,t=tV。R,s+1iscompac七.
■
BytheRiesz-Schaudertheory,wehave
Lemma6.3Assume1<R<κ α城(R/κ,1/2)〈(ε,3)<(κ/R),-3/2).
↓りA:・Ve,。→tV。R,。+、i8b・unded.
(itl/MoreoverifC(rR)≠1,then/1isisomoηPんic.
Proo£ByLe㎜a5.1,L:,Ve ,3→ 尤R,.+1isisomorphic.AndbyCorollary6.1,K:tUe,、 →
tV。R,。+1iscompact.Hence、4=L十 κ:Xe,、 →,treR,,+1isboundedandisaFredholmoperator
withindexO.WeprovetheinjectivityofALetg∈Xe ,。andAq=0.Since(L十 κ)g=Oand
Lisisomorphic,wehaveg=-L-1κq.ByLemma6.2,κq∈ 殉.
,垣allk-1/2.Hence
q--L-'1〈q∈ ・VR/。,、.、.P・til(Re2・`t)些'q(t)(`∈51)・ndO(x)哩'(i(Ψ 一・(x)(x∈r。).
Since.R/κ<1,anyelementofκR/κ ,`+1isrealanalytic,(2:rR→Cis,inparticular,H61der
continuous.WeseeAg=Oisequivalentto
∫ 。輌)Qω … 一 ・(・ ∈r・)・
S・ncex-f
。.E(・,Y)(・2(y)・・…h ・m・n・ …h・J・ ・dan・eg・・n・・・…heequal・tyh・ld・f・・
allxintheregion.ByLemma4.4,wehave(〕 ≡0.Henceq≡ …0.■
Lemma6.4Assume(i]一(4?.
イ1/1<R<,κ,C(rR)≠1.
(2ノ(R/κ,1/2)〈(ε,s).
($ノ(1/R,-1/2)<(δ,t)<(κ/」2,-3/2),
ωmax{1/δ,δ}/R2≦ ε≦min{1/δ,δ}.ifε=1th・ns<-1/2.lfε=δth・ns≦ £.
Th・ntゐ・・…ist・ …t・nt・0>0・ndP2∈R・uchth・tfora〃N∈N,q∈X6 ,、αndg(N)∈DN
ω軌Aq=Aq(N)・ π ム パ ん・∫bμ・ω`ηg測 ・α～吻 ん・1∂・・
llq-q(N)ll・tS≦CN・・(1)N/2(Ilqlfi・,川lq-9(・)ll。。)・
'
Proof.Since
L,A:・Ye,,→iV。R,、+、
areisomorphic,
llq(N)-qll。,。≦CllA(q(NL4)ll。R,,+、≦OllL-IA(q(N)-q)ll。,。.
Put
ωNdEf'9㈹,ω 些'q(NLL-'A(q(N)-q),
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thenωNbelongstoT)～vandwehaveL-iA(q(N)-q)=ωN－ ω,LωN
ω=q十L-1(L-A)(q(N)-q).HencewecanapplyLemma5.2toobtain
Il・・N・一 ・ll。Ts≦・IIωN－ ωll。ts≦・N・ ・(f)N!211ωll・,t・(15)
Furthermorewehave
(16)
sinceL-A=-K:Xe
Lemmaifcomplete.■
Hωlle,3=
,、→X6R,t+1isboundedbyLemma6.2.
llq十L-1(L-A)(q㈹ －q)llδ,t
Ilql1δ,、十llL-1(L-A)(q四 －q)11δ,,
llqll、,、+Oll(L-A)(9(N)-q)|1、。,、.、
llqll、,、+Ollq(N)-gll。,。,
=Lωonム ハJand
By(15)and(16),theproofof
ProofofTheoremWe丘rstrecallRemark5.2inwhichwestatethat
(17)(6,t)・(・,・)⇒N・ ・・・・…,・)(1)N/2-・(1)(・N-+・ ・)・
UsingthisfactandLemma6.4,wehave
(18)ll・ 一・…ll。ts≦・層 ・綱G)N!211・11・,・
f()rsu伍cientlylarge/Vandanyg(N)∈T)NwithAq(N)ニAqonム ノv.Henceq(N)∈ のNand
Aq(N)=Oon△Nimpliesq(N)=0、SincetheequationAq㈹=fon△Nisequivalenttoa
finitedimensionallinearsystems,thisfactassuresthesolvability.Thus(i)isproved.
(ii)FromLe㎜a6.3,thereexistsq∈X6/R,t.isuchthatAq=F.Thenwehave
llF-Ag(N)ll。,311Aq-Ag(N)ll。,。≦Ollq-4(N)ll。/・,　・
and
llqllδ/R,・一・≦OllFllδ,・・
Inthesamewayasinthederivationof(18),weobtain
llq-q(")ll。!。,。.、≦
Theseinequalitiesprovetherequiredestimate.■
・咋 ・R,s-一 ・(1)N/211・H・/凡一・
・N・ ・・…,t・()N/211・ll・/R,t-・・
7 Concludingremarks
WehaveprovedtheconvergencetheoremofCSMusingournewproposedrule.Wesee
exponentialconvergenceoferroroccurs・
Thefbllowingproblemsstillremainopen.
●Howwecomputeκwhichis"thewidthofthedefiningdomainoftheconformalmapping
Ψ"?
●HowshouldwefindΨwhoseκislarge?
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